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Flags

A comelyflag to in D is a sequence
of subspaces

E,C5, c ..
- cfr=k, dim Si= in

sen:I completeflags in Dry. comelyflag verity.

We can represent to as the top-justified row spans
ofan now invertible matrix:

Note:We can do row ops
O 2 -

ex:
I

· 3935]: downwards without
10 -I I 8 - 1
I

changing 5..



Thatis, lop-justified
row spans

Gln - Een ohn
↑ Borel subgroup of

lower triangular matrices
Crow opst)

*General setting:

G:Lie group

B:Bovel subyp (maximal solvable subpl

G/y =generalized flag variety

P:parabolic subyp GIP Grckn):G(/)



FlagSchuberIcells

Aechelonform:O's below and leftofsome permatorymatrix.

-

e.g. W
=3124

O I

3's in (i, w(i)) -

%i.~Su
00 I
I O's below, left.

e.g. I
O 2 I

I I
⑧

I I ⑧ ~i) was (i Beg
10 - 1

(startfrom top row)



e.g.
A generic

matrixwill reduce to

0 I *w=
123 (identity) -I

1 X

I
00 I

Sat:Every flag has a unique representative
in this "permutation form".

with J's in (i,W(is) Vi

-> i=( flags repid by matrices
O's below, leftofIs 3
*Selsewhere

is a (flagbertcell.

Mr:- hy is a (flag) Schulyvariety.



facts:8 fln:iti-
-

Sn

② ih?((E)-My, ert:length ofwas a permutation.
Thatis, codim (whr)=((w).

③ where was in rigbrhatorder

no
other 3's v =W. (ij) and l(v:((w) +1corrigelation: 2) in here

:[ii]- it].



Ex:Schubertstratification ofFly:

Wo largelement [...
321 -

↑ I 1.* (7I
231 312 ↑ - P

I·X
(*) (*

21s ↑ ↑

W
=123

Right Bruhat order on Sa []ue
(strong)



ChomayofSem

:H*(sen) =0 [w]. 12 =0 I(rhr).
WeSn W:l(w) =k

Thatis, the Schubert classes form an adverbasis for IS*.

But, the structure constants (Ww] (Mr]:Sc (whn]
l(u) =f(w) =e(v)

are Notknown ingeneral! (But are cR2,0.)



Schmert porrgials

Poromial model for *(seal (Borel):

Letep(X, -,xn)=ktelementary symmetric parromial

EXi"Xin Square
free monomial

i,d --- ik

e.g. e2(X,x,x3) =x,x +x,x3
+x2x3

Th (Bore 1953):H* (fen) >
[X., ..., xn] (for geometers:

see
....

en)
xi- c,(f/s,-)
Cher class of a

line bundle of Elm. C



Nicefact(easy induction):Mangial basis (x."..- x*:0 =k,n-iforalli].
↳kn =0.

2

e.g. fly: x x, X2

Xi X, X2

I x2

⑭"Ch

Nirogast:Compatible with flu in Shoe (sc...set (sarscal

xi I(X....,xn,y7 -> H*(fen) [ww]
I x0 d ↓

i* Fie
Xi x(X. . . ., xn] ->D*(sen) (ww]

WeSn? Snx



↓canwe represslya Scyclass (utw) inornomialbasis?

Lerma:Using 1*(5lm) *s A* (Sen), * [rir]:(wr] WeSn? Sun

(i)

Implies:I! palogical
Gre[[X., ..., xn] (weSn)
-

mapping to [chw]. 16*(flm) for all man.

G:Whatis Sr?



Def:The ith divinelydifferenceorator is

-

2::1[X,-, xn] -- 4(x, -, xn),
Si =(i i

+1)e Sn
-2,19:= xx 65if:f)X., --,Xi-x, Xie,Xi, Xirz-,xn)

numerator is antisymmetric in Xi,Xit,

hence divisible by X: Xixs

These satisfy 02,2j:2j2:lijk (

② 2iGixi bixididixi S- (s.: Sess
③ 2=0. Si =i



Def:for wesn, a reayedwyd
is a minimal-length factorization

W =Si, Sin "Sie, dl(u), Si =(iixeSme

By 0-, the composition 22 :=2,0.--fie doesn'tdepend on
the choice

of reduced word.

(non-enced word:2i,ouobip"of

Reminder on multiplying permutations:

e.g.
w =461253

Wright- multiplying by 5,switches positions i, iil e.g. W.Sy
=461523

Xleft-multiplying by si switches vary iisl e.g. SyW:56123



25:LetSo:Wsn.
n, I

The Schlyert panomials are defined recursivelyby:

(Base cases) for wh=(nn-...), Swit:X,""x"...

·(Inductive cases(i (Gr) ==Sws,ifl(wsi) < l(w).

Note:Wis,Sen=won, so Or is well-defined by the braid relations.

effectively Gr =2.w(Swi)
↳ Startwith Wo

=nnx--1,

repeatedly switch elements
to getw

=w,
..- Wn-



ple(sal calculate Sinssixvixe
4321 S · xxx 34327

↓
Se 183

4312
x,x

↓
Se

122
4132

x,(x2+x3) =x,4x2 +x,x3
↓
Si

1432 II
x,x +x, x2 +xxy +x,X2x3

+x2 x 3



ESample: Si
Gr. =x,x

W. =321 0. 102
/I GaiXixe 6 =X,

2

312

231 312

al I a al I 2,
213 132 Gris:Y 6,32 =x, +Xz

)/s 2.) /ou
123 Sid =1

This shows fewer edges than rightBruhad
order.

Caution:
-

This graph is called rightweak order



Thm (Billey-Jockusch-Stanley' 93):
-

Positive formula
for coefficients ofSr.

Note:each Sw has a
distinct leading term in revlex order.

->

↳
9S: wesel is a basis for EEx, xn,xa, ...].

Pictorial approach:

"Pipe dreams"(SominKirillov'97, Bergeron
Billy'93)



Re:Pipe
dream for WeSn:

· Tiles:Al-

I2.- n

·d
connectme
Each pair ofpipes may only
cross 11 time. (reduced

W
=2143c Sy words)

wt(p) =x,xz
· Weight: w+(P)

=

IXrow()
(BJS, BB, fK)

Atiles
Theory:Gw =[w+(P).
-

↑ for w



2:w
=1432. Greedy top justified pipe dream:

to weight:vixe

Thy:Generateall
others using

"chute moves"from this one:

itit,miss itsJef



Ex (cont'd]
-

tested,
x,X2t

x,x3 x,x2Y3 x2x3

Guzz:X.X2 +x,x2 +xx, "x.x2Y +x2x3



Dobychuberdolynomial:

Sr(x,y,...:J.,) =[T(Xrows-Yak)
un

Pms tiles
"equivariant
variables"4

Corresponds to a class in equivariantcohonology
IS(Senl

t yulaylan



Monmodernformula:Buypless pipe dreams (Lam-Lee - Shimozono "18)

W =1432 Rothe diagram ⑧ Tiles:I
(left-right Iit ⑮I
reversed from

before So

weight:I Xrowes
x2*3 (no bumps (!)

**box

& Yrowls)
- I colle)

for double Schubertpolynomials)



Generate all other BPDs using "droop moves":

no

#



x,xy

*

-

1* * A
-

- -,
x= x3 x,X2Y 3

- x,x2i,*
x,x2



Significance ofpipe dreams in algebra/geometry:

bes:for vese, Ma=9M=[i):mesents an elements an
of Xw?Flu 3

Mr.E is a maischubertriety.

closure

MiMr?Kn

now spans t
Xw?Fln

Thim (Sulbon):Mw is defined by "obvious"determinants (read off from the
Rothe diagram)



The (Knutson - Miller'05) Pipe dreams listthe
irreducible components

-

ofthe Grebner degeneration ofMr under an anigonal monomial
order.

4m (klein-Weigandt'22) Bumpless pipe dreams:same, for dignal term

orders, a counted with multiplicity.



Stateconstants

for Schubertpolynomials,

G.G:E Go for some care,

No combinatorial rule for car is known in general.

"Stay littlewood, Richardson rule" -



MileRule

Analog ofthe perule (Sx=45)

covering relation

6.6 =[Gr where
v
=w-(ij) 3 in Bruhat

W
in
SK l(v) =((w) +1 order

(x, x - -- +Xx)
V

and i 2K j
no I'sinside

Piogially:

wift-r.fff



:CalculateSainz Gs,(

frof
4:
Gann:Gun"Sin



Otherwhere is known

· Wiw are kmannian (only descent is wisil Sr:Sx

· 2step partial flag varieties (Buch, Kresch, Purbhor, Tamvakis'14(

42 descents in same positions

· 3-step (Knutson, Zinn-Justin '17, 21)

· "separated descents"(Huang'237
coeffse[1,01.

"almostseparated"(K, I-5'23) a

· "inverse Grassmannian"G Gr Dr Grassmannian (Pechenik-Weigandt'22)



Epilogue: Variations on the subject

(2001)

Known-Twowodwaryzshes:Alternate (R rule for GrCK,n).

IA puzzle is a- by;
and rotations, butnot
reflections.

write -1 ocoio

Theou:Y:Ipussles with the
W



:Con, and2.
" S ·

I

Try to fill in! . ..

%
Anor



ofmykinds ofcohomology-

Itheory K(X):for Cuyer careeristic instead ofconting

· Basis (OS], multiplication (Ox]· (Om7:(LRruk)
=(higher-order

terms)

· Structure constants for K(G-CK,n)):

set-valued tableaux (Buch), genomic tableaux (PechenikYough, puzzles + "K-theory piece"

#13 Atik, %
(can't be rotated).



Equariantcomology:1*(X)

based on the action of the tos (CY)**GrCK,n), Sln

Qualncohomology 01 *(X)

for counting the number of
curves passing through given subvarieties



Onmyspaces:

· Other lie types:Orthogonal & Lagrangian Grassmannians, G/p.

shifted tableaux, signed permutations.


